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By the method of Fourier integral transforms we construct the exact solution of
the problem of equilibrium of a nonhomogeneous half-plane z > 0 under the
action of normal and tangential forces applied to the boundary, The shear mo-
dulus of the half-plane is a power function of a linear binomial in the Cartesian
coordinate z while Poisson ratio is constant,

In the papers [1 — 4], devoted to similar problems, the equilibrium of a half-
plane and a half-space z > 0 with modulus of elasticity £ (z) = E¥ , was in-
vestigated, It is obvious that such media are physically not real, since the mo-
dulus of elasticity is equal to zero on the surface, This circumstance, in parti-
cular, implies a restriction on the possible values of the exponent k. Thus, for
example, the formulation of the problem on the action of a distributed load has
sense only for 0 < & <C 1, which in turn, restricts considerably the sphere of ap-
plicability of the power law adapted by the authors as an interpolation formula
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which models the foundation, Therefore, it is of interest to investigate the equi=-
librium of a nonhomogeneous half-plane, whose modulus of elasticity varies with
depth according to a power relation and it is different from zero on the surface,
In [5] we have considered a similar problem for the half-space, but some restric~
tions were imposed on the Poisson's ratio,

1, We determine the state of stress and strain of 2 nonhomogeneous half«plane z >»
0 under the action of forces applied to the boundary z = (. The shear modulus of the
half-plane varies according to the rule

Gz =G, (1+ ez) 1.1

and the Poisson's ratio v is constant,

The general solution of the plane problem of the theory of elasticity for the nonhomo=
geneous isotropic media, whose elastic characterisitics are differentiable functions of the
Cartesian coordinate z, is of the form [6]

1 o2 92 1 oL
— * A%
e 3G [” g — (1 —w )'_azz]"'—ax 1.2)
1 L a [ 1 2L o2L
T —— —_— * —_ — Ry
. G 9220z + Oz { 2G [V o2 (1 v¥) azz}}
o L 2L L
x = gman ST @ YT T 3mp;

Here u,, u,, O, O,, T,, are the components of the displacement vector and of the
stress tensor, v¥* = v for the case of plane strain, taking place in a plane parallel to
20z, and v* = v / (1 4 v) for the case of the generalized plane state of stress, L
is a function satisfying the equation

Aian) - S (5] =0 (A=dmtam) aw

Thus, the problem reduces to finding in the domain z > O such a solution of Eq, (1. 3)
which is bounded at infinity and which satisfies the following conditions at the boundary

z = () of the half-plane:
P S IZ=0 = (:c), Txz Iz=0 =T (x) (1.4)

where o () and T () are the normal and tangential forces applied to the half-plane,
We assume that the functions o(z) and t(z) can be represented by Fourier integ-

rals Foo +oo
S (x) = S g1 (o) e*x da, T(x) = S g2 () = da, (1.5)
where - oo - toc
1 ' . 1 d .
81(a) = —— 5 o(z)e**dr,  gy(a) = —5— S T (2) elex dx
We seek the solution of Eq, (1. 3) in the form
+oc
c da
I — 5 e-iaxyp (Z, o) - (1.6)

Here {(z, &) is a function, bounded for z ~» oo and which is subject to determination,
Substituting the expressions (1.6) and (1,1) into Eq. (1. 3) and the equalities (1, 4), we
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find that the function v (2, @) is the sulution of the equation

ap  2b d% | (BB 1) a2
ds* Atz dis [W *2“2] FEny 1.7
20%ch  dy v¥c2b (b -+ 1) _
Tre @ T+ gow e v O
with the following boundary conditions:
d .
‘lp Iz=0 = gl (0')7 d_lf 2= = La«gg ((L) (10 8)

Thus, the plane problem of the theory of elasticity has been reduced to a boundary
value problem for the ordinary differential equation (1,7), The latter, by the substitu-
tion m = (1 + ¢2) & / ¢ reduces to the type investigated in [3, 6], The solution,
bounded for z —- 00, has the form:

forv¥ ==1/(b 4 1) and b == —1

¥ (3 @) = 20 [C W @) + CaWor, (20)] (1.9
for v¥ =1/(b+1)or b= —1
V(o) = 2 {Cike () + Ce[ T M § K ydn —  1.10)

Ky (n) § I (n) K () dn] }

Here Cy, C, are unknown functions of the parameter o, which have to be determined
from the boundary conditions, I, (1)), K. (v) are Bessel functions of imaginary argu-
ments of the first and second kind and of order p, Wiy, (2 m) are the Whittaker func-

tions
w=1+0b/2, zy="14cz, x="0LV0+1D1—v%/(1—v¥)]

Let us assume for definiteness, that v* == 1 /(b 4 1) and b == —1. Proceeding
from the expressions (1. 9) and (1.6). we take the function § (z, o) in the form

c

V(e 0) = B ICWp (205 + CW o @] (=121 @

For simplicity, we shall omit in the following the arguments 2Az, of the Whittaker
function, Substituting ¥ (z, o) into the conditions (1, 8), we obtain a system of alge~
braic equations for the functions C; and C,, from which we find

1 - 1
Cr = ZEL Myt = ) W (@0 = Wona, w2 = Q12)
oA (@) Wor 0 (2h)
1
Co= =LA = o = | W (2D — Wiy (2)] +

S £2(0) Wi, (2)
Ay = Wi, w (20) [2XW ¢, 0 2A) — Wy, w (2M)] +
W_x, 1 (2A) Wiy, (24)

Substituting the expression (1.11) into (1,6), we obtain the function L, from where,
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making use of the relations (1, 2), we find the components of the displacement vector

and the stress tensor
lz;u_‘/l toe ~iax

Uz = — 2@, S eam {Cl[(’"zzlz+f1_)wx.u— 1.13)

2(1—v%) (H : —;‘) Wi, H] +
Caf (222 + K Wos o — 2(1 =) [ 5| Woren.u] | do

1/, +1°° s
u. — czl 2 e ax {C [(}ﬁz 2 + f ‘) Wx .
== Toq, N 1 1 2 y B

M2y 4+ 2 (4 — v¥) ) Wiag, p] 4 Co [(A222 + ) W u —
(Azy —2(1 —v¥*) %) W_xsa, pl} do

6 = —zﬁ""Kw e {cl[(mzl + )Ww_

—_—00

2 (H_ %) Wi, rx] +Ce [(7\'221 + T— > Wox,u—
1

ot

~+o0
5, = z*{‘"" S e-iax [Cerx, w C,W_y, | da
» —iax ,
T = — izt S ‘ {Cl [(Kzl +p—x——;—) Wy o —

Wy, } {(\xﬂ T )(——1—) W oy — W_H.,,,]}du

Here we have introduced the following notation:
fif =21 —v¥) (H A Y, (H — Yy 4 Azy)
frr =11+ 2v¥) (n ok o — o) F 20— 1Az F2(1 —v*) g (w £ 31— )

where the signs in the left-hand and the right-hand sides correspond,

2. The asymptotic expansions of the Whittaker functions have the form [7]

— —1/5)2
Wi, (2has) ~ (2Az) e |1 - Wl R (2.1)
] RS L RN
21 (ZAz1)? T
, 2 (o
W o (2h2r) ~ @Az e |4 LB
(102 — (o -+ Yo)?] (2 = (3 - %]
2T (2 t }

In some particular cases of nonhomogeneity of the elastic medium, the series termi«
nate and formulas (2,1) become exact, In addition, the expressions (1,13) for the deter=
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mination of the displacements and stresses can be significantly simplified, Let us find
such cases by setting

&ﬁ-(w—zg}QTZO, \p—{x+’m‘1)_o (2.2)

i, e, the first series terminates at the term with index n, while the second one at the

term with index m. Hence, taking into account that 0 < v </, and % > 0 (for
= ( either v* =1 /(b + 1), orb = —1,and the function { (z, @) has to be

taken in the form (1,10) ), we find

m4-n—2—(n—m)?

— _ * __
b=m+n—3, ~v*= T =N =1 2.3)
and for m and n we obtain a system of inequalities
n>m, n<m+Y 4 +V8n—T], m>2 (2.4)
In addition, there exists one more solution of Eqs, (2.2) for the homogeneous medium
m=1,n=25b=00<v<1, (2.5)

Since the constants G, and ¢, which characterize the elastic properties of the half-
plane, do not depend on m and »n there are no restrictions imposed on their magnitude,
Below, for all possible 0 < b < 10 we give the corresponding values of the generali-
zed Posson's ratio v*_ calculated with the formula (2. 3)

2 3 4 5 6 7 8 8 9 10 10
Yy 0 Yo Y Ys Y 0 Y Y Yss

Thus, for particular cases of nonhomogeneity of the elastic medium, defined by the
relations (2, 3) and (2, 4), the Whittaker functions can be expressed in terms of exponen=
tial and power functions, Moreover, the integrands in the formulas (1,13) become sim=-
pler so that they can be integrated into special functions for many forms of the loads
o (x)and 7 (z).

We consider, for example, the case p = 2, Then v¥* = 1/,. Making use of the for-
mulas (2,1),(1.12) and (1,13), we obtain the components of the displacement vector

U, —

1 +?° elax 4 —Ag " (2.6)
TR rDG _S 2x2+6x+3{ (@Y + 1T —1)— .

g2 (a) [2A20 4 3A (¢ — 1) — 6]}da

1 +-°° e—mx P—?.
4y = — |

2 (T +5) Gy zm+6x+5{gl(“)[27~2C+K(; +3)4 2] +

"C—“gz(a>[(2x+3)c+u}da = ez

For definiteness, we assume that concentrated loads are applied to the boundary of the
half-plane, In further analysis it is convenient to consider separately the action of nor-
mal and tangential forces,

8, Assume that a concentrated force P is applied at the origin, normal to the half-
plane and acting in the direction of the z-axis, Then
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o(r) = —P8(z), 1(x)=0 (3.1)
where 8 () is the Dirac delta function, Substituting the expressions (3.1) into (1, 5),
we obtain
g (@) =—P/(@2n), g(2)=0 (3.2)
Now, formulas (2, 6) obtain the form
P (e o @A)t
ux:WShsmkEewmdk (3.3)
0
P 7 g 2N R (D) 42 _
u2=m5c057\,§e’ A dv  (E=cx)
0

We expand the rational functions in the integrands into simple fractions, Making use of
the formulas [8] o

dh = — P Ei(—kp) (argk|<m, Rep>0) (3.4)

ce_—s

oC

sin Ak e td}._azic_z, Scos?»&e‘“d}»—?—_—f_—gy

ce.v9

0
where Ei (— kp) is the exponential integral function, we obtain

P O
(I + 0 Go {gz+cz + 1 [15C 9+ (9 — 5 V31 x (3.5)

Ex (8, 1ib) + 1 1158 — 9 — 90 — 5) V3 Ea (raf, 1)}
e = oo {me + o 156 H 4+ BL DV x
Ex (126, 1i8) + 156 + 1 — (85 + D VI Ba(rak, 140) |

u,=

Here
Ey(5.0) = 4 [¢*Ei(—u) + ¢ Ei (— )] (3.6)
Es(8,0) = - [¢* Ei(—w)— ¢ Ei (— )]
p=C4ik a=C—it n="%0+V3), u="06-V3)

We note that also for the other two particular cases of nonhomogeneity of the elastic
medium, defined by the relations (2. 3), the components of the displacement vector and
stress tensor can be expressed in terms of the functions E; (&, {) and E, (§, {).

We introduce the polar system of coordinates

p=VE T+ e¢=arctgz/z
If we make use now of the representation of the exponential integral function in the
form of series, then from the expressions (3.6) we obtain (y =1.781072418 is Euler's

constant) . ) ko -
E (0 = é[lnrpeost—esind + 3 (—pp =GEEE] oo

k=1

Ey(5,0) = — &[lnypsing + peos + 3 (— ) R LE ]
k=1
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From the asymptotic expansion of the exponential integral function we obtain the asym«
ptotic expansions for E, (€, §) and E, (§, {) at large p

1! cos 21 21 3
(E, §)~_ costp KR ;)S (P cos P .. (3.8)
sin 11sin 2 21 sin 3
By (€ D)~ — p“’ + = -2

If we make use of the formula [8]
Ei (4= if) = ci (§) & isi (§)

where si(E), ci(E) are the integral sine and cosine functions, then for { = 0 or=0
the functions E,(E, §) and E, (E, {) can be expressed in terms of the tabulated

functions . .
E,(E, 0) =cos|E|cil & |+ sin| & si}§ | (3.9)
costEsif —singcik, £>0
EQ(E’O):{—COSIilsiIEI~'rsinlilcilil. <0
E 0, §) =¢"Ei(—10), E0,0)=0
From the formulas (3, 5) and (3, 7) it follows that for p << 1

P . _Fr 2 — S Iny— )
w2 — ), wm(este— Tl —C)

w In (C’}"}’}) -}— 5 Vd —"1In (C’}"“{q)

r=Va&t+2, C=

Thus, near the point of application of the force, the displacements of the nonhomoge~
neous half-plane coincide, except for a constant, with the displacements of an identical-
ly loaded homogeneous half-plane having
the same Poisson’s ratio and with shear
modulus equal to G,

As we move off the point of application
of the force, the displacements decay fast,
The character of the damping can be easily
determined if we make use of the asymp-
totic expansions of the functions £; (§, {)
and E, (E,C). Thus, for example, the dis~
placements u, at the boundary of the half-
plane decrease for large ¢ with a rate
which is proportional to E2,

‘ Setting in the formulas (3.5) ¢ - 0, ,
1 / // G, we find that the displacements y_increase
w

7 7.8

; indefinitely, However, if we fix one of the

N S points of the half-plane, as this is done in
Fig, 1 solving of the corresponding problem for

the homogeneous medium, we arrive at the

well-known Flamant formulas,
The displacements of the boundary z = O of the half-plane, according to (3.9) and
(3. 5), are expressed in terms of tabulated functions and have the form
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wel_ = o (A VDB, 0+ A~V Ealral, 0] 1)
ur)_ = — g (O + 5V B Ea (i 0) + (9 — 5V 3) B (1, O]

In Fig,1 we have represented the vertical displacements of the boundary of the half-
plane for different values of the coefficient ¢. On the vertical axis we have represented
the quantity W = u,G,/P.

4, Let us assume now that the concentrated force P, applied at the origin to the
half-plane z >> 0, acts in the positive direction of the x~axis, tangent to the boundary,

T
hen o6(z) =0, 1(z)=— P6(2) (4.1)
Substituting the expressions (4,1) into (1. 5), we obtain
6@ =0, g@=—P/(2n) (4.2)
Now, formulas (2. 6) can be transformed into
P ¢ eI —1)—6
Uy = — m SCOS ?\,Ee 5N - 3y T 3 d?" (4- 3)
0
P Vg, @
U = T n G YA ey O
0

We expand the rational functions in the integrands into simple fractions and we make
use of the formulas (3, 4). As a result we obtain

S T SO DR
—231,(1 —%'Z}Gu\[iz‘f-:" %_7;13(‘:’*'1) ’%(‘:—“1) ;/3] X (4. 4)

Ex(rid 1i) + 13 + 1) — € — 1) ¥/ 3 Ea (v, D)}

U, =

= P 34
e 2 (1 -8)Gy {‘i')' + g2 +
% (BL—1+(C—DV3 x
Es (118, 1) + %‘[3»’; —_1
©—1) V31 Za(r, 1)}

The displacements of the boundary of the
half-plane z = 0 can be expressed in terms
of tabulated functions and have the form

Uy = — FILU [T2E1(118,0) +

T1E1(745,0)] (4. 5)

P 17T
uel_ = ~ BaC, (1 4V 3) E2 (118, 0) +

(1 — V'3) Eq(v:k, 0))

Ze==()
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From the expressions (4.4) and (3, 7) it follows that near the point of application of the
force (p<< 1) the displacements of the nonhomogeneous half-plane coincide, except
for the constant, with the displacements of an identically loaded homogeneous half-
plane, having the same Poisson's ratio and with shear modulus equal to (,.. However, as
we move off the point of application of the force, the displacements start to decay fast,
The character of the damping can be easily determined if we make use of the asymp-~
totic expansions (3, 8), Thus, for example, from the expressions (4, 4) and (3. 8) it follows
that for p =» 1 we have
3P
U, L:ozm (406)

In Fig, 2 we have represented the displacements u, of the points of the surface of the
half-plane for different values of the coefficient ¢. On the vertical axis we have repre=-
sented the quantity U = u G, / P.
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